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Introduction

▷ In most models of labor market we have learned, the only thing
that matters for workers to choose across different jobs and firms
are the pay (Q: which is the exception?)

▷ If this is true, everyone should have the same firm ranks (even with
idiosyncratic preference on money/consumption)

▷ When you graduate and look for a job, how do you choose which
companies to apply to? (Q: why did you choose Keio but not other
schools? why did you choose Japan but not other countires?)
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Top popular firms among new graduates in Japan
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Top factors of firm attractiveness viewed by Japanese
graduates
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Japanese Black company
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Theory of compensating differentials (Rosen, 1986)
▷ Heterogenous firm provide jobs with various attributes (amenities

or disamenities) in the labor market
▷ These attributes can be either pecuniary or nonpecuniary:

composition of pay packages; working conditions; work-time
scheduling; fringe benefits; job secularity; career potential;
on-the-job training/learning; location and commuting time; ...

▷ Different firms have different cost functions in providing amenities

▷ Heterogenous workers have idiosyncratic preferences/tastes on
each job attributes

▷ All attributes of jobs are common knowledge and observed by all
workers and firms

▷ The idiosyncratic preference is asymmetric information that is only
known by the worker him/herself

▷ Market equilibrium is competitive, i.e. both firms and workers take
equilibrium market prices as given (# firms ≫ # of job types )

▷ Labor markets for each job type must clear (labor demand = labor
supply)

▷ The equilibrium also features a matching & sorting function of
assigning specific workers to specific firms
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Workers’ job choices

▷ Assume two job types in the market: D = 1,0 (i.e. with disamenity
or not, e.g. dirty environment or distant workplace)

▷ Assume workers are productively homogeneous (relax next week)
but have heterogenous utility function: ui = ui(C,D)

▷ ui (C,0) ≥ ui (C,1)
▷ ui (C∗,1) = ui (C0,0) with C∗ > C0
▷ Define Zi = C∗ − C0 as the compensating variation

▷ Competitive labor markets implies two offers (w0,0) and (w1,1)
that workers take as given

▷ Define ∆W = (w1 − w0) as the market equalizing difference

▷ A worker i chooses job type that maximizes utility: choose Di = 1
or Di = 0 as ∆W ≷ Zi
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Indifference curve under continuous job types

8 / 30



Market labor supply

▷ Given the size of the labor force, labor supply to each job type
(market) are completely characterized by calculating the number of
workers for whom ∆W ≷ Zi

▷ Assume Z in the population has the probability density function
(pdf) g(Z ), then the labor supply in the two markets given the
market wages would be: Ns

1 =
∫ ∆W

0 g(z)dz = G(∆W ),
Ns

0 =
∫ ∞

∆W g(z)dz = 1 − G(∆W )

▷ (Relative) Wage elasticity of labor supply is decreasing in the
variance or spread of the distribution g(Z )
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Relative supplies of worker partition distribution of
preference f (Z )
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Firms’ job choices

▷ A firm can spend resources to clean up its work environment, and
the cost of doing so is compared with the wage savings on labor
costs

▷ Assume each firm has a specific linear technology:
yj = aj1L, if D = 1,
yj = aj0L, if D = 0.

▷ Define Bj = (aj1 − aj0), with restriction Bj > 0 i.e. D = 1 must be
more productive (Q: what if Bj < 0 ∀j?)

▷ A worker j chooses job type that maximizes the profit: choose
Dj = 1 or Dj = 0 as Bj ≷ ∆W (Q: write the firm problem)
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Market labor demand
▷ Assume exogenous firm size and normalize it to L = 1

▷ Assume B in the economy has the pdf f (B), thus the labor demand
in the two labor markets would be
Nd

1 =
∫ ∞

∆W f (B)dB = 1 − F (∆W ), Nd
0 =

∫ ∆W
0 f (B)dB = F (∆W )

▷
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Market equilibrium
▷ In equilibrium, we have the market wages w1 and w0 such that two

labor markets clear: Ns
1 = Nd

1 , Ns
0 = Nd

0

▷ Workers and firms are systematically matched or assigned to each
other in market equilibrium (i.e. ”assortative matching”): workers
with larger than average values of Z are found in firms with smaller
than average values of B and conversely (Q: try rephrase this
intuitively)

▷ More formally E(Z | D = 0) ≥ E(Z ) and E(B | D = 0) ≤ E(B) (i.e.
selectivity bias), where E(Z ) =

∫
Zg(Z )dZ and E(B) =

∫
Bf (B)dB

▷ Marginal agents vs Inframarginal agents
▷ Marginal workers and firms are indifferent from two choices
▷ Inframarginal workers and firms earn positive economic rents and

have 0 elasticity with a marginal change in the relative wage
▷ Average economic rents earned by workers and firms are

∆W − E(Z | D = 1) and E(Z | D = 0)− ∆W
see an example of detailed derivation under normal distribution
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Generalize to more job types

▷ Let D take on K possible values, with K ≥ 2

▷ Now k distinct markets must be considered, one for each value of
D, competitive wage in the kth market is Wk , and a worker or a
firm considers the choice set (Wk ,Dk ), for k = 1,2, . . . ,K

▷ Nonetheless the ordering of optimal assignments by tastes and
relative costs are more or less preserved

▷ The underlying taste and technology distributions are partitioned
into at most k ordered regions

▷ Workers with the largest Zi tend to be assigned to the jobs with
smallest Di offered by firms with smallest Bi , i.e. assortative
matching feature of market equilibrium is generalized
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Generalize to continous job types

▷ A marginal analysis well serves to illustrate these ideas when D as
a continuous variate, i.e. D ∈ R

▷ The market price now becomes a wage function/profile: W (D),
which can be also regarded as an ”equalizing difference function”
(nondecreasing if D is a disamenity)

▷ Worker chooses D to maximize utility u = U(W (D),D)

▷ FOC: −UD = W ′(D)UC
▷ UD/UC is the MRS between D and consumption goods
▷ But gradient of W (D) is the correct (marginal) price in the

optimization calculation, not W (D) itself
▷ The slop of the wage function, W ′(D), equals to the MRS, which is

the slope of the indifference curve (see why), for the worker who
happen to choose that particular value of D in the equilibrium
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Equilibrium wage function W (D)
θ are worker indifference curves; ϕ are firm indifference curves

(Q: what much W required for worker 1 to move to D2? And 2 to D1?)
(Q: what would the figure be if either workers or firms are identical?)
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Work conditions

▷ Intesting examples mentioned in Rosen (1986)
▷ Recruitment of labor for the Alaskan Pipeline, where the extreme

severity of working conditions called for large wage premiums
▷ The military uses elaborate pricing schemes to recruit personnel to

various positions (e.g. logistics personnel vs. line soldiers)
▷ Substantial differences in earnings between Lawyers specializing in

public interest litigation vs. in more traditional practice

▷ More potential examples
▷ Civil servant
▷ Academic scholars
▷ Animator illustrators in Japan
▷ Part-time night job at convenience store
▷ ...
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Human capital investment
▷ Two types of post-school human capital investment considered in

the literature
▷ On-the-job training: often workers take the cost as foregone

earnings
▷ Learning-by-doing: learning is a by product of work, so no earnings

are forgone; appear to be ”a free lunch”

▷ Rosen (1972) applies equalizing difference framework to LBD and
suggests that when a market for jobs with different learning
content is introduced, a cost of acquiring skills is added and the
two models become much more similar

▷ Firms sell(supply) a job as a tied package of work and learning; Some
jobs provide more learning opportunities and some provide less

▷ Young workers (who have the largest incentive to learn under HC
theory) are assigned to those jobs for which learning potential is
largest but wages are depressed;

▷ They subsequently move or are promoted across jobs that offer
successively smaller learning opportunities but higher wages

▷ Firms accommodate this by reallocating experienced workers’ time
away from direct production and toward instructing inexperienced
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Human capital investment (cont.)

▷ If persons vary in the ability of learning see a simple model

▷ Workers with higher learning ability are assigned to jobs with
greater learning opportunities at each age

▷ The firms that have lower costs (higher capability) to provide greater
learning chances are also likely to be those with high ability workers

▷ (Gregory (2020) shows that luck can also play an important role in
life-cycle earning inequality when search friction exists)

▷ Real world examples:
▷ Differences in earnings among medical specialists are largely

equalizing on differential training costs and forgone earnings (e.g.
see the study by Friedman & Kuznets in 1954)

▷ State legislators, judges, and many officials give up substantial
alternative pay but are compensated by future private monetary
rewards through the political capital built up

▷ ...

19 / 30

https://www.nber.org/books-and-chapters/income-independent-professional-practice


Working hour
▷ In the labor supply analysis, worker is allowed to seek as much

leisure as desired at a competitively determined wage rate

▷ However a firm may offer a fixed wage-hours package to workers,
take it or leave it, with these package deals varying across firms

▷ Now hours of work (or work schedules more generally) are treated
as nonpecuniary aspects of jobs

▷ Thus necessary to consider each work-hours opportunity as a
separate labor market

▷ The market equilibrium equalizing differences function will take the
form W = W (H)

▷ The wage will be a function of hours demanded by the job
▷ Goldin’s convex wage function can be thus seen as a version of

compensating wage differential!

▷ In equilibrium, workers with greater tastes for work are matched to
firms and jobs for which productivity or cost reasons impel the firm
to demand longer working hours
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Regional inequality: motivation
▷ Observed intercity & regional wage differences among workers

with similar productivity (as proxied by education & experience)

▷ It should be clear to you what will happen next but back in time
while economists had recognized the locational amenities at
consumer side, they didn’t take into account the firm side

▷ Roback (1982): if workers require a compensating wage differential
to live in a big, polluted, or otherwise unpleasant city, the firms in
that city must have some productivity advantage that allows them
to pay the higher wage

▷ The Rosen-Roback framework has been extended widely and
become a building block of modern spatial equilibrium models

▷ Key difference compared to Rosen’s model
▷ A spatial equilibrium in which both land and labor markets must clear
▷ Utility equalization among locations show up both in wage

differences and in differences in site-specific prices (rent)
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Rosen-Roback model: setting
▷ Each city has a wage rate w , a price of land r , and a vector of

amenities s (climate, pollution, crime, crowding, ...)

▷ Workers are identical and firms are identical; Workers and firms are
perfectly mobile across cities (no moving costs);

▷ Lands are fixed (can be relaxed to be elastic)

▷ Worker’s problem in each city: maxx ,lc U (x , lc ; s) s.t. w = x + lcr
▷ x is consumption on a national good (p = 1) and lc is residential land
▷ Because a higher level of s is preferred by workers, ∂U

∂s > 0
▷ We can rewrite an indirect utility function V (w , r ; s)

▷ Firm’s problem in each city: minC(X ,w , r ; s) s.t. X = F (lp,N; s)
▷ lp is land used in production; N is the total number of workers in the

city
▷ Assume F is CRS, thus the unit cost of the representative firm is

C(w , r ; s) = C/X = 1 = p (with some abuse of notation)
▷ Amenity can be unproductive (Cs > 0; e.g. clean air) or productive

(Cs < 0; e.g. less storms)
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Rosen-Roback model: equilibrium

▷ In spatial equilibrium, individuals are indifferent across cities, i.e.
wages and rents must adjust such that the indirect utility function
V (w , r ; s) ≡ V ∗ is equalized across all cities

▷ Firms are also indifferent across cities, i.e. wages and rents must be
such that the unit cost C(w , r ; s) = 1 holds across all cities (which
is already disciplined by the national product market)

▷ Indirect utility function and unit cost condition generate
equilibrium levels of wages w(s) and rents r (s) for a given level of
V ∗, where V ∗ is determined by aggregate labor demand and
aggregate labor supply
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Rosen-Roback model: equilibrium derivation

In this case, the amenity s is unproductive; We have w1 > w2, r1 ≷ r2

(Q: what if amenity is productive or neutral in production?)
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The case with normal distribution
▷ Assume Z is normally distributed such that Z = Z̄ + ν,

ν ∈ N
(
0, σ2)

▷ Proportion of workers:
n1 = Prob(Z ≤ ∆W ) = Pr(Z̄ + ν ≤ ∆W )

= Pr

(
ν

σ
≤ ∆W − Z̄

σ

)
= Φ

(
∆W − Z̄

σ

)
▷ Wage elasticity of labor supply:

ε1 = ∆W
n1

dn1
d(∆W )

=
(

∆W
σ

) [
ϕ
(

∆W−Z
σ

)
/Φ

(
∆W−Z̄

σ

)]
▷ Conditional expectation:

E(Z | D = 1) = E(Z̄ + ν | Z̄ + ν ≤ ∆W ) = Z̄ + E(ν | ν ≤ ∆W − Z̄ )

= Z̄ + σE
( ν

σ
| ν

σ
≤ ∆W − Z̄

)
= Z̄ − σϕ

(
∆W − Z̄

σ

)
/Φ

(
∆W − Z̄

σ

) ,

where the last equation uses inverse Mills ratio
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The case of normal distribution (cont.)

▷ Selectivity bias:
S1 = Z̄ − E(Z | D = 1) = σϕ

(
∆W−Z̄

σ

)
/Φ

(
∆W−Z̄

σ

)
▷ Average rent:

R1 = ∆W − E(Z | D = 1) = σ
[

∆W−Z̄
σ + ϕ(·)

Φ(·)

]
= ∆w − Z̄ + S1

▷ Average rent among D = 1 workers is thus increasing in ∆w and in
σ2; As variance in preferences σ2 goes to 0, R1 goes to zero

▷ Note both ε1,S1 and R1 increases in the inverse Mill’s ratio ϕ/Φ

▷ General point: information on conditional averages do not
necessarily convey much information about decision-makers near
the margin of choice, which determines the responsiveness of
supply to relative wage movements
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Human capital investment model with equalizing
▷ Consider a continuous-time human capital investment model

▷ A worker’s flow earning: y(t) = RK (t)− P(I(t)),
▷ R is the piece rate for human capital; K (t) is the current stock of

human capital
▷ I(t) is the learning opportunities chosen at t ; P is the market

equalizing difference function

▷ Assume human capital investment function: K̇ = dK /dt = γI, and
the cost function P(I) = I2/2

▷ γ is interpreted as a learning efficiency parameter

▷ Thus y(t) = RK (t)− [K̇ (t)/γ]2/2; The discounted present value
is
∫ T

0 e−rty(t)dt

▷ FOC: Q(t) ≡ (R/r )
(

1 − e−r (T−t)
)

︸ ︷︷ ︸
(discounted) marginal return of hc invest

= K̇ (t)/γ2︸ ︷︷ ︸
marginal cost of hc invest

▷ ⇒ K̇ ∗ = γ2Q(t); I∗(t) = γQ(t)
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Rosen-Roback model: equilibrium
▷ Totally differentiating the indirect utility function V (w , r ; s) = V ∗

gives vwdw + vr dr + vsds = 0

▷ Totally differentiating the cost function C(w , r ; s) = 1 = p gives
cwdw + cr dr + csds = 0

▷ We can combine these equations to derive:

dw
ds

=
csvr − cr vs

cr vw − cwvr
dr
ds

=
cwvs − csvw

cr vw − cwvr

▷ The denominator is the same in both expressions: cr vw − cwvr > 0
(since vw > 0 cr > 0, cw > 0, vr < 0)

▷ dw
ds < 0 (since cs > 0, vr < 0, cr > 0, vs > 0), i.e. wages decline as s
increases (since both worker and firm now require a smaller wage)

▷ dr
ds ≷ 0 (since cw , vs, cs, vw all > 0) depends on the relative
magnitude of cwvs relative to csvw (since while worker now
accepts a higher rent, firm now requires a lower rent)
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